In this paper, an efficient computational material design approach (cluster expansion) is employed for the ferroelectric PbTiO3/SrTiO3 system. Via exploring a configuration space including over 3 × 10 6 candidates, two special cation ordered configurations: either perfect or mixed 1/1 (101) superlattice, are identified with the mostly enhanced ferroelectric polarization by up to about 100% in comparison with the (001) superlattice. Analyzing these two special configurations reveals the exotic couplings between the antiferrodistortive distortion (AFD) and ferroelectric polarization (FE) modes, e.g., tilting along x or y axis and polarization in z direction, as the origin for the best polarization property in this system. The identified cation ordering motifs and the exotic AFD-FE couplings could provide fresh ideas to design multifunctional perovskite heterostructures. Ferroelectric (FE) thin films and superlattices (SLs) based on perovskite oxide are currently the subject of intensive research due to their promising properties for low power electronics, ultrastable solid-state memory, sensors, and medical imaging technologies, and also because of the fundamental scientific importance [1] . For most perovskite ABO 3 , the zone-center ferroelectric (FE) distortion, characterised by the opposite motion of the cations with respect to the oxygen cage, and the non-polar zone-boundary antiferrodistortive distortion (AFD) modes, which consist of rotation and titling of the oxygen octahedra surrounding the B cation or the anti-polar motion of A-site cations, often tend to suppress each other [2]. This gives rise to a small number of perovskite ferroelectrics in nature [3].
Ferroelectric (FE) thin films and superlattices (SLs) based on perovskite oxide are currently the subject of intensive research due to their promising properties for low power electronics, ultrastable solid-state memory, sensors, and medical imaging technologies, and also because of the fundamental scientific importance [1] . For most perovskite ABO 3 , the zone-center ferroelectric (FE) distortion, characterised by the opposite motion of the cations with respect to the oxygen cage, and the non-polar zone-boundary antiferrodistortive distortion (AFD) modes, which consist of rotation and titling of the oxygen octahedra surrounding the B cation or the anti-polar motion of A-site cations, often tend to suppress each other [2] . This gives rise to a small number of perovskite ferroelectrics in nature [3] .
Fortunately, the balance is extremely delicate and it can be tuned for the coexistence, by assembling different types of perovskite 5-atom units into different ordered configurations [4] [5] [6] [7] [8] . For instance, the recently discovered hybrid improper ferroelectricity in ultra-short (001) perovskite superlattice possesses a new form of interface coupling of FE and AFD octahedral rotational distortion [9] [10] [11] [12] [13] , giving rise to FE polarization, despite no FE in the parent perovskites. Additionally, in ultra-short (001) PbTiO 3 /SrTiO 3 (PTO/STO) superlattice, it is found that oxygen octahedra rotation promotes the polarization, leading to a surprising enhancement of FE polarization [14, 15] . The buckling of the inter-octahedra B-O-B bond angles, a direct consequence of the octahedra rotation, can change physical properties of the perovskite oxides, for example, electronic bandwidth, magnetic interactions, and critical transition temperatures and so on [16] . The strong coupling of the AFD and FE distortions, therefore, presents a great opportunity to create novel multifunctional materials that respond to external electric fields, for example, multiferroics [14, 17] .
The design of perovskite heterostructures that possess a AFD/FE coupling, however, is nontrivial. Some elegant design criteria have been proposed recently [4, 7, 8, 14, 15, 18, 19] . But they only considered a limited number of configurations, such as the 1/1 and 2/2 (001) SLs etc.. In addition, the proposed design rules try to relate properties of the SLs to properties of the parent singlephase perovskite, aiming to predict the properties of a particular SL by just considering the properties of the constituent phases. But the vast possibilities of A-or Bsite ordered configurations in perovskite heterostructures and different chemistry of the cations could in-principle give rise to exotic properties that do not exist in the parent constituents. It is thus highly desirable to develop an efficient computational method to explore all possible configurations for the design of perovskite heterostructures with the best properties.
The cluster expansion (CE) approach [20, 21] can map the relations between different configurations of buildingunits on a given Bravais lattice and their physical properties. For a binary mixture, one defines a configuration σ as a specific decoration of two types of building-units on a lattice, in which each lattice site is occupied by either of the two (spin variable s i = −1 or = 1, respectively). The property of interest F can then be expressed as:
(1) where J ij , J ijk , · · · represent the effective-cluster interactions (ECIs) for pair, three-body, · · · , interactions in the chemical system, and the s i s j , s i s j s k , · · · are the multisite cluster functions that form a complete basis set in the configuration space [22] . The ECIs can be obtained by fitting the first-principles calculated results (F) of a set of ordered configurations to Eq. (1). In principle, the CE method can be applied to any physical property if it is a well-defined functional of configurations, for example, total energy [20] , Curie temperature [23] , elastic modulus [24] , thermo-conductivity [25] , and so on.
In this letter, we adopted the CE approach for FE polarization P of the PTO/STO system that involves two types of 5-atom building-units (PTO and STO) decorated on a simple cubic lattice (i.e., sub-lattice A of perovskite). The P CE (σ) functional was fitted using the firstprinciples results of a handful of configurations and then was used to explore a huge configuration space to search candidates with the best FE polarization. Through analysing the two identified configurations, the underlying physical mechanism was disclosed. Note that in some high-throughput methods one attempts to calculate in principle all structures/configurations in the selected space (e.g, ICSD) [26] [27] [28] , here we use a low-throughput first-principles method to calculate but O(50) structures, then parametrize a surrogate model (i.e., CE) from which we obtain essentially effortlessly the results with comparable accuracy for O(3 × 10 6 ) structures. Once the latter configuration space is searched, one can return to direct first-principles calculations, however, aimed only at the O(10) 'best of class' configurations identified as the most promising. This represents an enormous saving relative to the ordinary high-throughput approach of calculating all configurations at the outset.
First-principles calculations based on density functional theory (DFT) were performed using the local density approximation [29] and the projector augmented wave method [30] implemented in the Vienna Ab Initio Simulation Package [31] . The in-plane lattice constant was fixed to 3.864Å to account the constraint from a cubic STO substrate. The use of periodic boundary conditions imposed short-circuit electrical conditions. All ionic positions were relaxed until the forces were less than 5 meV/Å. The obtained cation off-centre displacements and the bulk Born effective charges, i.e., Z * Pb,Sr = 2.7 and Z * Ti = 4.6, were used to compute the electric polarization results P DFT (σ). This method yielded an excellent agreement with results using the Berry phase method [32] .
An iterative training process was used to fit the ECIs in Eq. (1). We started with feeding the P DFT (σ) results of 23 usual suspects to fit the ECIs. Using the obtained P CE (σ) functional, an exhaustive enumeration method was employed to search a configurational space (O(3 ×10 6 ) configurations) for the largest polarization (LP) configurations. The P DFT results of these LP candidates, if not available, were then determined using DFT calculations and compared against the CE predictions. In the next iteration, these P DFT results were added to the DFT data pool to refit the ECIs, and then the obtained P CE (σ) was used to search for the new LP candidates. This iterative process was repeated until the CE predicted results agreed with the DFT calculations and no new LP configurations were predicted. A good convergence was achieved with only 48 DFT inputs. The obtained P CE (σ) includes 15 pairs, 1 triplet, 3 quadruplet, and 1 quintuplet clusters. The cross-validation score [33] , representing the prediction error of P CE (σ), is less than 0.011 C/m 2 . To elucidate origin of the enhanced polarization of the LP configurations, the relaxed crystal structures of LP0.5 and LP0.25 ( Fig. 3 ) are carefully examined using the symmetry mode analysis program ISOTROPY suite [34] . Two primary AFD distortion modes of the LP0.5 are shown in Fig. 3 To examine the coupling between the AFD modes and the FE modes, we artificially "turn off" these modes in the LP structures meanwhile allowing the FE polarization to fully develop in DFT calculations. The results are shown in Table I . Turning-off the minor distortion modes ('others' in Table I, more information in Table  SI ) in LP0.5 slightly enhance the P to 0.396 C/m 2 . It suggests that these AFD distortion modes indeed suppress the FE polarization, consistent with the traditional views in perovskites. In contrast, Γ + 4 and Γ + 1 modes promote the polarization, turning-off of these two modes significantly reducing the polarization value down to 0.354 C/m 2 together with an increase of total energy. The same conclusion can be drawn for LP0.25, i.e., the AFD modes enhancing the P values monotonously from 0.209 to 0.237C/m 2 . Note that for the PTO/STO 1/1 or 2/2 (001) SLs, the AFD z and FE z coupling [14] and the coupling between in-plane titling AFD xy and the in-plane polarization FE xy [15] have been observed. The discovered coupling between in-plane AFD x or AFD xy (i.e., Γ + 4 in LP0.5 and Γ + 3 in LP0.25) and out-of-plane FE z in our LP structures has not been reported. These distortion modes and their couplings do not exist in the parent constituents, either.
Note that the LP configurations can be seen as intermixed (001) SLs (Fig. 3 and Fig. S2 ). It was proposed that by introducing some degree of interface cation mixing to a ferroelectric-dielectric superlattice could enhance FE polarization [32] . This is because to avoid the electrostatic energy penalty from the net charge accumulated at interfaces, the FE/dielectric layer will be depolarized/polarized to yield similar polarization values, often leading to a reduced total polarization value [14, 32] . Introducing interlayer cation mixing could reduce the energy penalty and thus enhance the polarization P . In Table I, the intermixing effect of LP0.5 indeed reduces the total energy and increases the polarization significantly in comparison with the (001) SL, apparently supporting the model from Cooper et al.. [32] But an exception is observed for LP0.25. The intermixing does not reduce the energy penalty, whereas it significantly enhances the P value. It appears that there are no simple theoretical models to account for the interface mixing effect on the FE polarization.
The AFD/FE coupling plays a decisive role in determining the LP structures. Our DFT calculations show that a Sr cation dopant in PbTiO 3 tends to attract oxygen atoms moving toward it (Fig. S4) [15] . For the LP0.5, the check-board cation ordering pattern in the yz plane [ Fig. 3(a) and Fig. S5 and Table SIII), respectively. For a comparison, we noticed one specific structure str381 (Fig. S6 ), which has a very similar cation ordered pattern as LP0.5. If only considering the intermixing effect, the str381 has a lower total energy and a higher P value than those of LP0.5 (Table SIV) . But the small variation in ordered pattern results in a weaker collaborative effect, leading to a smaller tilting angle and Ti-O bending angle (Table SIII). The AFD/FE coupling thus yields a larger P increase for the LP0.5 to overtakes str381 as the LP configuration at x = 0.5 (Table SIV) . We believe that the AFD/FE coupling (e.g., AFD x or AFD xy and FE z ) is the origin for LP structures to have the largest polarization enhancement among all the 3 × 10 6 candidates.
Physical origins for the AFD x /FE z coupling Figure  4 shows the difference-electron density analysis and the projected partial density of states (pDOS) for Pb and its neighbouring O ions in the LP0.5 (without/with AFD x ). Clearly, the octahedra titling can significantly enhance the hybridisation between the Pb 6s and the O 2p orbitals, evidenced by the strongly overlapped peaks in pDOS and the strong charge redistribution among the Pb and O ions. For bulk PTO, it is well established that the hybridisation between the Pb lone pair 6s electrons and the O 2p electrons induces its superior FE properties. The enhanced electronic hybridisation caused by the AFD x titling is, therefore, origin for the observed increase of FE z polarization [15] .
Despite the recent progresses [8, 18] , developing design rules for perovskite heterostructures is a complex issue. Our study is an example case, where the exotic and unexpected couplings induces the best FE polarization in the PTO/STO system. This surprising result indicates the rich and novel physics embodied in pervoskite systems, which remain to be explored. Our CE method could serve as a general means to explore the huge configuration space (3 × 10 6 candidates) for discoveries.
In summary, an efficient computational material design approach (cluster expansion) was used to study the cation ordering effects on the FE polarization in PTO/STO perovskite. Two (101) superlattices are identified as the configurations with the best polarization property. The exotic AFD/FE couplings (e.g., between in-plane titling AFD x or AFD xy and out-of-plane polarization FE z ) are revealed as the origin for the best polarization P in this system. The identified LP motifs and the exotic coupling could provide fresh ideas for the design of perovskite heterostructures. 
FIRST-PRINCIPLES CALCULATIONS
DFT calculations were performed using the local density approximation (LDA) [1] and the projector augmented wave (PAW) method [2] implemented in the Vienna Ab Initio Simulation Package (VASP) [3] . A plane wave energy cutoff of 600 eV was adopted and a Monkhorst-Pack k-point mesh of 12 × 12 × 12 in a five atom perovskite unit cell was used for the Brillouin zone integration. For other cation ordered configurations (i.e., superstructures based on the 5 atom building unit), the same k-point mesh density was used. The constraint from a STO substrate is considered by fixing the in-plane lattice constant to that of the cubic STO (the stable structure at room temperature) 3.864Å. All ionic positions were relaxed until the forces were less than 5 meV/Å. The use of periodic boundary conditions imposes short-circuit electrical conditions across the whole unit cell. The electric polarization was computed by using the bulk Born effective charges (Z * ), i.e., Z * Pb,Sr = 2.7 and Z * Ti = 4.6 and the cation off-centre displacement of a fully relaxed configuration in the LDA calculations [4] . This method has been proved to lead to an excellent agreement with the results using the Berry phase method [4] . The polarization of bulk PTO constrained to the STO substrate was calculated as 0.617 C/m 2 .
Finding the lowest energy crystal geometry of a perovskite heterostructure (configuration) is a challenging task. We employed the following procedure to do the relaxation in our DFT calculations.
(1) We create the ideal crystal structure from our configuration database (including 3 × Polarization enhancement ∆P LDA (σ) of a PTO-STO cation ordered configuration is de-fined as the difference of polarisation result with respect to the concentration weighted average of bulk STO and PTO. Figure S1 shows the the results calculated using LDA ∆P LDA (σ) (black square symbols) and compares with the predictions using the cluster ex- As discussed in manuscript, the cation ordered patterns of LP0.5 and LP0.25 ( Fig. 3 and Figure S6(a) shows a specific heterostructure "381" (named as str381) whose cation ordering pattern resembles that of LP0.5. We artificially turned off its AFD distortion modes in DFT calculations (meanwhile allowing the FE polarisation to fully develop). It is clear that in this intermixing case, str381 has a lower total energy and a higher P value than those of LP0.5 (Table SIV) . If the AFD distortion modes are allowed in both configurations, the LP0.5 has a lower total energy value and a higher P value. It is clear that the AFD modes in LP0.5 give rise to a larger polarisation enhancement. This should come from the cation ordering pattern of LP0.5. The check-board cation ordering pattern in the yz plane [ Fig. 3(a) ] ensures the two Sr cations (neighbouring a Pb cation) can work collaboratively to Table SIII . If a small variation was introduced in the ordered pattern of LP0.5, such as str381 (i.e., two Pb and two Sr cations swap their positions), a weaker collaborative effect is observed, resulting in a smaller tilting angle and Ti-O bending angle (Table SIV) . Thanks to the AFD/FE coupling, the LP0.5 has a larger P value than the str381. 
